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ABSTRACT: An equilibriummean-field theory for reversible network formation in solutions of associative
polymers is presented. We study polymer solutions with many associating groups per chain and consider
pairwise association of these groups. A simple analytical expression for the free energy of these systems
is derived and is shown to be consistent with the classical gelation picture developed by Flory and
Stockmayer. It is shown that association and formation of a reversible network is always accompanied
by a tendency for phase separation which might occur even under marginal solvent conditions. The
mean-field theory is also generalized to take into account the effect of local intrachain loops as well as
excluded volume interactions (partial swelling of polymer chains). It is shown that phase separation
might be suppressed by the excluded volume interactions.

1. Introduction

Heteropolymers which contain both soluble and in-
soluble monomers are sometimes called associating
(amphiphilic) polymers. These amphiphilic systems
include traditional associating polymers consisting of
hydrophobic groups connected by longer water-soluble
fragments, ionomers, and block-copolymers in selective
solvents. The properties of these systems are governed
by the presence of stickerssrelatively small strongly
interacting associating groups (ionic groups for the case
of ionomers, or insoluble blocks for the case of block-
copolymers) which tend to form stable aggregates (or
multiplets). These aggregates can play a role of revers-
ible junctions between different polymer chains. A
reversible polymer network (infinite cluster of connected
chains) might be formed at some critical concentration
cg which is not necessarily high (it typically corresponds
to the semidilute regime). The reversible network
structure implies remarkable static and more impor-
tantly dynamic properties of these systems.
The qualitative features of associative polymers (ther-

moreversible gelation and tendency for phase separa-
tion) have been understood for almost 2 decades.1-9 The
quantitative details depend on the particular model of
associations and were studied analytically only for a few
simple cases. One of the simplest models is a system
of polymer chains containing f . 1 stickers each (which
are capable of pairwise association) was studied recently
by Tanaka.6-10 Unfortunately, we found essential flaws
in Tanaka’s approach leading to some incorrect results.
In the present paper we provide an analytical descrip-
tion of the equilibrium properties of solutions of as-
sociating polymers on the basis of this simple model.
In the next section we describe in detail the mean field

theory of associative polymers. One of our conclusions
is that thermoreversible gelation under Θ-solvent condi-

tions is normally accompanied by a phase separation
of the solution, which is driven by the association of
stickers rather than by the poor quality of the solvent.
This effect is completely absent in Tanaka’s theory. In
section 3 we study the competition between local intra-
chain and interchain pairing. In section 4 we consider
the effect on the thermoreversible gelation due to partial
swelling of polymer fragments caused by the excluded
volume interactions.
The results of this paper will be utilized in the second

paper of the sequence11 in the development of the theory
of associative polymer dynamics.

2. Mean Field Theory of Associative Polymers
Mean field theory is valid in the regime of strongly

overlapping coils.
2.1. Model. Consider a solution of linear chains (N-

mers) with associating groups (stickers). Each chain
contains f stickers (f , N), separated by spacers of l )
N/f monomers each, with l . 1. In most cases below
we also assume that f . 1. Stickers can associate in
pairs with the energy of each association equal to εkBT,
where kB is the Boltzmann constant and T is the
absolute temperature. The monomer concentration in
solution is c. The number density of polymer chains in
the solution is c/N and the density of stickers if fc/N )
c/l (since there are l monomers between stickers). The
number of stickers in volume V is

Let p be the fraction of stickers that are associated in
pairs (the degree of conversion). The number of such
pairs of associated stickers is

because two associated stickers form one pair. The
* To whom correspondence should be addressed at the Univer-

sity of Leeds.

Nst ) f c
N
V ) c

l
V (2.1)

Np ) 1
2
pNst (2.2)
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density of temporary bonds (pairs of stickers) is

2.2. Free Energy. The free energy density of the
system can be divided into two partssthe part Fint from
interactions of nonsticker monomers, and the contribu-
tion Fst from sticker interactions

The interaction part Fint can be written in terms of two-
and three-body interactions between nonsticker mono-
mers

where v is the excluded volume parameter and w is the
three-body interaction parameter.
In order to calculate the free energy density due to

the association of stickers, Fst, we introduce a reference
system, which is a system of noninteracting polymers.12
Its free energy density is purely entropic

where Zref is the partition function of the reference
state: a solution of noninteracting polymers. Next we
require that 2Np stickers form Np bonds. The partition
function of the system with bonds is

where Pcomb is the number of different ways of choosing
Np pairs of stickers out of total numberNst stickers and
W is the probability that all chosen stickers in the
absence of attractive interactions can be found close
enough to their partners to form bonds

where vb is the bond volume.
The number of different ways of selecting 2Np stickers

out of total numberNst stickers is a binomial coefficient

Next we need to find the number of different ways of
pairing 2Np stickers. If we take one of them, there are
2Np - 1 possible partners. By choosing one of these
partners, we have selected the first pair. Next we take
any of the unpaired stickers and select its partner out
of remaining 2Np - 3 unused stickers. Thus there are
(2Np - 1)(2Np - 3) ways of selecting the first two pairs.
Continuing this process, we find that there are (2Np -
1)!! different ways of selecting Np pairs out of 2Np
stickers. Here (2Np - 1)!! denotes the product of all odd

numbers between 1 and 2Np - 1. Therefore the com-
binatorial factor is

Thus the part of the free energy density due to
stickers is

The same result is derived in the Appendix starting
from the classical gelation theory of Flory and Stock-
mayer.15
The above result corresponds to the mean field theory.

We have estimated the sticking probabilityW, neglect-
ing any correlation between the sticker positions. These
correlations are due to the fact that some sticker pairs
might belong to the same chain. Thus the mean-field
theory is valid if the coils strongly overlap,16 i.e. in the
semidilute regime

where c* is the coil overlap concentration and R is the
coil size.
The total free energy density F ) Fst + Fint should be

minimized with respect to the density of temporary
bonds F or, equivalently, with respect to the degree of
conversion p. The condition for the free energy mini-
mum is

where the attractive volume of a bond is

A similar equation was also obtained by Tanaka.9,10
Substituting this condition into eq 2.11 we obtain the
free energy density17

where the probability p is the solution of eq 2.13

There are two limiting behaviors of this solutionsfor
low fraction of closed (associated) stickers

and for high fraction of closed (associated) stickers

ρ )
Np

V
) p
2
fc
N

) p
2
c
l

(2 3)

F ) Fint + Fst (2.4)

Fint

kBT
) v
2
c2 + w

6
c3 (2.5)

Fref

kBT
) - 1

V
ln Zref ) c

N
ln( ceN) (2.6)

Zst ) ZrefPcombW exp(εNp) (2.7)

W ) (vbV)Np

(2.8)

Nst!

(Nst - 2Np)!(2Np)!
(2.9)

Pcomb )
Nst! (2Np - 1)!!

(Nst - 2Np)! (2Np)!
)

Nst!

(Nst - 2Np)!Np!2
Np

(2.10)

Fst

kBT
) - 1

V
ln Zst ) c

N
ln( ceN) - cp

2l
ln( celvb) +

c
2l
[p ln p + 2(1 - p) ln(1 - p)] - ε

cp
2l

(2.11)

c . c* ∼ N/R3 (2.12)

p
(1 - p)2

) c
l
vbe

ε ) c
l
λ (2.13)

λ ) vbe
ε (2.14)

F
kBT

) c
N
ln( ceN) + v

2
c2 + w

6
c3 + c

l[p2 + ln(1 - p)]
(2.15)

p ) 1 -
x4c

l
λ + 1 - 1

2c
l
λ

(2.16)

p ≈ cλ/l for cλ/l , 1 (2.17)

p ≈ 1 - 1/xcλ/l for cλ/l . 1 (2.18)
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The first term on the rhs of eq 2.15 is the ideal-gas
free energy of the associating chains. The next two
terms correspond to the two-body and the three-body
excluded volume interactions of monomers, and the last
term accounts for association of stickers. Note that the
free energy of association depends on the concentration
of stickers c/l only. It does not explicitly depend either
on the functionality f, or on the degree of polymerization
N. This is a consequence of the mean-field nature of
the theory that neglects the correlations of the sticker
positions.
Note also that for a low fraction of bonds (for p , 1)

the last term in the free energy (eq 2.15) (related to
associations) takes the form of pairwise attraction
between the stickers -(λ/2)(c/l)2. This term reduces the
excluded volume parameter by the attractive volume per
monomer, λ/l2

where λ is the attractive volume of a bond (eq 2.14), and
l ) N/f is the number of monomers between the
neighboring stickers. To determine the stability of the
single phase in this regime of low conversion (for p ,
1) we can use the results for polymers in marginal
solvents by replacing the excluded volume parameter v
by veff ) v - λ/l2.
2.3. Gel Point. The gel point in the mean field

theory corresponds to the degree of conversion15,18

Thus the concentration at this point is (using eq 2.13)

The critical degree of conversion defining the gelation
point, eq 2.20, can be also obtained in the framework of
the present theory. Note that the concentration of free
chains, C̃1, (with all f stickers open) is simply given by
the product of the total concentration of chains, c/N, and
the probability that all f stickers are open, (1 - p)f: C̃1
) (c/N)(1 - p)f, where p is defined in eq 2.16. This
concentration is increasing as the total polymer con-
centration, c, is increased in the pregel (sol) region, c <
cg. However, C̃1 could not possibly increase any more
in the postgel regime as this would mean simultaneous
increase of the concentration of all finite clusters (which
are being reversibly formed by free chain units) and
hence an increase of the total sol concentration above
cg. Therefore the gel point should correspond to a
maximum of c(1 - p)f as a function of c. Using eq 2.13
we thus get pg ) 1/(f - 1), i.e. eq 2.20.
In the pregel regime (c < cg) our theory agrees with

the classical gelation theory of Flory and Stockmayer.
Thermoreversible gelation in solutions of associating
polymers with multichain junctions (i.e. more than two
stickers per junction) was considered by Stockmayer19
in the pregel regime. The osmotic pressure obtained
in that paper when applied to the case of pairwise
association agrees with our free energy expression, eq
2.15 (also see below, eq 2.32).
With regard to the postgel regime (c > cg), the

situation is less obvious: two models on this regime has
been proposed long ago by Flory20 and Stockmayer.18

The Flory model allows cycles within the gel, while
assuming that finite clusters are treelike. The Stock-
mayer model does not allow cyclization of the gel and
also assumes that the shape of molecular weight dis-
tribution of finite clusters does not change in the postgel
regime. The shape of the molecular weight distribution
of clusters is determined by the mean conversion degree
of sol component, ps, which in turn is related to the total
concentration of finite clusters, cs: ps/(1-ps)2 ) (λ/l)cs,
i.e. the same relation as in the pregel regime (see eq
2.13). Therefore the Stockmayer model, when applied
to the reversible gels, implies that both the shape of
finite cluster distribution and their concentration is
independent of the total concentration c for c > cg. That
means that concentration of clusters of any size (in
particular, free units, i.e. free chains) is also concentra-
tion independent. This kind of behavior disagrees with
our predictions: using eq 2.13 one can easily see that
concentration of free chains, C1 ) (c/l)(1 - p)f, is
decreasing as c is increased in the postgel regime.
On the other hand it is possible to show that our

results (both for the free energy and for the cluster
distribution) completely agree with the Flory postgel
model. Since our model does not involve any assump-
tions concerning the structure of either finite clusters
or the reversible gel, we believe that the dispute
between the Flory and Stockmayer approaches is thus
resolved in favor of the Flory model, at least as far as
reversible gelation is concerned: a reversible network
structure without cycles is impossible.
Very recently (actually after the present paper has

been submitted) Ishida and Tanaka10 considered phase
equilibria in thermoreversible gels using both postgel
approaches (due to Flory and due to Stockmayer). One
might expect that the free energy10 obtained with the
Flory approach must coincide with that derived in the
present paper. This is not the case, however: the two
free energy expressions are essentially different in the
postgel region. Ishida and Tanaka incorrectly treated
the gel contribution to the free energy, and arrived at a
fundamentally inconsistent result: in their model the
free chain concentration and the chain chemical poten-
tial are not properly matched.
An important question: what is the thermodynamic

character of the gelation transition? There are two
possible scenarios: (1) discontinuous gelation accom-
panied by phase separation (sol phase in equilibrium
with a more concentrated gel phase) and this possibility
is considered in the next sections; (2) continuous gela-
tion. The theory of Stockmayer and Tanaka9 implies
that continuous gelation (remember that we consider
reversible gels only) is a third-order phase transition.21
Our prediction is essentially different: the reversible
continuous gelation is not a thermodynamic transition
at all. In fact one can easily check that the free energy,
eq 2.15,23 and all its derivatives are perfectly analytical
at the gel point. This is an exact result within the
framework of the basic mean-field approximation (also
adopted in all relevant models by Flory, Stockmayer,
and Tanaka). However we believe that this result is
even more general; i.e., it should be also valid outside
the mean-field regime. We believe that the opposite
conclusion9 is incorrect and is a result of the unrealistic
treatment of the gel regime, which we discussed above.
Note however that gelation (being not a thermody-

namic transition) plays a very important role in the
dynamics of associative polymers, even when it is not

veff ) v - λ
l2

for p , 1 (2.19)

pg ) 1/(f - 1) (2.20)

cg ) l
λ
(f - 1)

(f - 2)2
(2.21)
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accompanied by a phase separation (see the second
paper of this series11).
2.4. Critical Point. The chemical potential can be

calculated by differentiating the free energy density, eq
2.15, with respect to concentration

where we have used eq 2.13 and the fact that ∂F/∂p )
0.
The critical point can be determined by simulta-

neously solving ∂µ/∂c ) 0 and ∂2µ/∂c2 ) 0. Differentiat-
ing the chemical potential with respect to concentration,
we obtain

Note that for v ) w ) 0 the derivative ∂µ/∂c is negative
above the gel point (for c > cg). Therefore the system
with no excluded volume interactions is unstable in the
region c > cg above the gel point and must phase
separate.
This system of equations for the critical point (eqs

2.23 and 2.24) can be rewritten for low degree of
conversion p , 1 using eq 2.18 (i.e., for cλ/l , 1; below
we show that this condition is valid if f . 1):

As expected, these equations can be obtained by replac-
ing the excluded volume parameter v in the equivalent
expressions for ordinary polymer solutions with veff (see
eq 2.19), and replacing the third virial coefficientwwith
weff ) w + 3λ2/l3. The above equations can be easily
solved in two asymptotic regimes:
(i) Close to the Θ-conditions, for v , (w/l)1/2, the

critical concentration is equal to that of an ordinary
polymer solution

and the critical attractive volume of a bond is

(ii) Further away from the Θ-point, for v . (w/l)1/2,
the critical parameters are

Note that in all cases the critical point corresponds to
the gel state: ccr > cg(λcr) if v > 0.

It is now straightforward to check that the initial
assumption p , 1 is always valid near the critical
point: eqs 2.27-2.30 imply that cλ/l , 1 in both regimes
considered above if f . 1. Note that eq 2.30 can be
understood by recalling that bonds between the stickers
renormalize the excluded volume parameter veff ) v -
λ/l2.
Note also that eqs 2.29 and 2.30 are valid if v is not

too high

where a is the monomer (statistical segment) size. This
condition ensures that ccr defined by eq (2.29) is higher
than the coil overlap concentration c* ∼ 1/(N1/2a3). For
a large third virial coefficient w ≈ a6 this regime
disappears.
For larger values of the excluded volume parameter

v the mean field theory has to be modified to include
the good solvent effects and also a renormalization of λ
because of local loops (see sections 3 and 4 below).24

2.5. Phase Diagram. If the parameter λ is small
enough, λ < λcr (for small ε, or large l), the second
derivative ∂2F/∂c2 is positive, and the system does not
phase separate. For stronger bonds λ > λcr the homo-
geneous state is unstable and the system phase sepa-
rates into more dilute and more concentrated phases.
The phase behavior of the system can be analyzed in

a standard way, using the free energy (eq 2.15), by
equating the chemical potentials µ (see eq 2.22) and
osmotic pressures Π in both phases. The osmotic
pressure can also be calculated from the free energy

Let us consider the Θ-regime25: v , (w/l)1/2.
We begin by considering the asymptotic regime λ .

λcr, still assuming that the degree of conversion is low,
p , 1 (that is cλ/l , 1). These two conditions are
compatible if f . 1. The concentration in the dilute
phase is exponentially low and the osmotic pressure in
the coexisting phases nearly vanishes. The concentra-
tion of the dense phase c2 can be found from Π ≈ 0.
Obviously c2 must be much higher than ccr ≈ 1/xNw
for λ . λcr, so that the third term in the rhs of eq 2.32
can be neglected in comparison with the second term.
Hence the equation Π ) 0 can be rewritten as

Therefore the concentration of the dense phase is

Recalling the condition cλ/l , 1, we obtain the upper
boundary of the region of validity of eq 2.34:

µ
kBT

) 1
kBT

∂F
∂c

) 1
N
ln( cN) + vc + w

2
c2 + 1

l
ln (1 - p)

(2.22)

1
kBT

∂µ
∂c

) v + wc + 1
cN (1 - fp

1 + p) ) 0 (2.23)

1
kBT

∂
2µ
∂c2

) w - 1
c2N [1 -

fp2 (3 + p)

(1 + p)3 ] ) 0 (2.24)

1
kBT

∂µ
∂c
≈ v + wc + 1

cN
- λ
l2

+ 3λ2

l3
c ) 0 (2.25)

1
kBT

∂
2µ
∂c2
≈ w - 1

c2N
+ 3λ2

l3
) 0 (2.26)

ccr ≈ 1/xNw for v , xw/l, f . 1 (2.27)

λcr ≈ l2 (v + 2xw
N) for v , xw/l, f . 1 (2.28)

ccr =
1

x3N1/2l1/2v
for v . xw/l, f . 1 (2.29)

λcr = l2v for v . xw/l, f . 1 (2.30)

xw/l , v , a3/l1/2 (2.31)

Π
kBT

) 1
kT (c∂F∂c - F) ) v

2
c2 + w

3
c3 + c

N
- p
2
c
l

(2.32)

v
2
c2
2 + w

3
c2
3 -

c2
2l
c2 λ
l

) 0 (2.33)

c2 =
3
2
1
w (λ

l2
- v) for λcr , λ , λl and v , xw/l

(2.34)

λl ) l3/2w1/2 (2.35)
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From the equation µ(c2) ) µ(c1) we get the concentration
in the dilute phase (note that µ(c2) = (w/2)c2

2 - c2λ/l2 +
vc2, and µ(c1) = 1/N ln(c1/N))

which is indeed exponentially small since λ/l2 - v . λcr/
l2 - v ≈ (w/N)1/2; see eq 2.28 (a pre-exponential factor
is omitted in eq 2.36).
For higher bond strengths λ . λl ) w1/2l3/2, the fraction

of closed bonds p approaches unity, and one obtains a
quadratic equation for the concentration of the dense
phase

Note that in this strong attraction regime the concen-
tration c2 is independent of the bond strength λ. The
excluded volume term can be neglected since v , (w/
l)1/2, and thus the concentration of the dense phase has
a simple form

The latter equation can be easily generalized for the
case of arbitrary f. The result is

Figure 1 shows an example of a phase diagram for f
) 20, v ) 0 in the reduced variables C ) c(wN)1/2 vs λ̃
) λf2/(wN3)1/2. The dashed line corresponds to the sol-
gel transition, C ) f(f-1)/(f-2)2λ, in accordance with eq
2.21. The region of phase separation is bounded by a
solid curve. The concentration C1 of the more dilute
phase rapidly decreases with λ̃ (see eq 2.36). The

concentration C2 of the denser phase approaches C2 )
(3(f - 2)/2)1/2 = 5.2 as λ̃ is increased. Unfortunately the
region of validity of the intermediate asymptotics, C2 ∝
λ̃ (see eq 2.34), is still narrow for f ) 20; hence, this
regime is not apparent in Figure 1. Note also the
critical point C = 0.79, λ̃ = 2.69 (compare with the exact
result for f f ∞: C ) 1, λ̃ ) 2; see eqs 2.27 and 2.28),
which is located inside the gel region.
2.6. Globule. The calculated phase diagram is based

on the mean field theory, which is valid only in the
regime of strongly overlapping chains (c . c*). In the
dilute regime (c , c*) the system is an ideal solution of
virtually isolated (noninteracting) coils. If the bond
energy ε is large (for λ > λcr), the strong attraction
between the stickers would promote intrachain bridging,
leading to the collapse of coils into rather dense globules.
The density inside the globules is defined by the balance
between the entropy associated with different ways of
bridging and the three-body repulsion.
The number of different ways of bridging can be

calculated, using exactly the same arguments that were
employed above to calculate the combinatorial term in
the free energy of the system of many strongly overlap-
ping coils (eq 2.11). The only difference is that now the
total number of stickers Nst ) f, since all stickers are
bound to the same polymer chain. Therefore the first
(ideal gas) term in eq (2.11) does not enter the free
energy F in the single globule case. Hence the free
energy of the globule is

where p is defined in eq 2.13.26
The minimization of the free energy with respect to c

gives the equilibrium density inside the globule

Note that cgl nearly coincides with the concentration in
the dense phase cgl ≈ c2 (eqs 2.34 and 2.38), as it should
(since in the regime of strongly overlapping coils the
intensive thermodynamic parameters nearly do not
depend on the degree of polymerization). Note also that
for λ . λcr the concentration cgl is much larger than the
mean density inside an unperturbed chain∼ 1/(a3N1/2),
so the globule is well-defined. In this regime the low-
density phase is a very dilute solution of globules, which
must be in equilibrium with the high-density phase. The
latter can be considered as a precipitate (densely packed
condensate of chains). It will be interesting to compare
the above mean field estimates with more careful non-
mean-field calculations of the cactuslike conformations
of the chain satisfying the closed bonds requirements.

3. Renormalization of the Bond Strength
Let us consider the limit of very high bond strengths

λ f ∞. In this regime all bonds must be saturated (all
stickers paired) at any concentration, even in a very
dilute state. The easiest way to create a bond in a dilute
state is to pair stickers that are close to each other along
the chain. At low concentration (when coils do not
overlap) the probability of an inter-chain pairing is very

Figure 1. Phase diagram of a Θ-solution of associating
polymers for f ) 20 and v ) 0 in the reduced variables C )
c(wN)1/2 vs λ̃ ) λf2/(wN3)1/2.

c1 ∼ exp [- 3
8
N
w (λ

l2
- v)2]

for λcr , λ , λl and v , xw/l (2.36)

Π
kBT

) v
2
c2
2 + w

3
c2
3 -

c2
2l
≈ 0

for λ . λcr, v , xw/l, f . 1 (2.37)

c2 ≈x 3
2wl

for λ . λcr, v , xw/l, f . 1 (2.38)

c2 =x3(f - 2)
2wN

for λ . λcr and v , xw/l (2.39)

Fgl ) kBT
N
c {v2c2 + w

6
c3 + c

l [p2 + ln (1 - p)]} (2.40)

cgl ≈ c2 ≈ -
3veff
2w
≈ 3λ
2wl2

for λcr , λ , λl (2.41)

cgl ≈ c2 ≈x 3
2wl

for λ . λl (2.42)

Macromolecules, Vol. 31, No. 4, 1998 Thermoreversible Gelation 1377



low (unless f is odd for λ f ∞). Consider an arbitrarily
chosen sticker. The probability that its nth neighbor
along the chain makes a contact with it is roughly

The total probability of a contact

and P is dominated by the small n behavior. We
therefore expect that at low concentrations nearly all
sticker pairs are local.30
The entropy associated with intra-chain pairing of all

f stickers of one chain is Sf ) kB ln Pf ∼ fkB/2 ln P, where
Pf is the a priori probability that all stickers are paired
(a priori means that it does not include the energetic
Boltzmann factor), and f/2 is the total number of intra-
molecular bonds. Note that the above estimate for Sf
can be also obtained with a simplified model that allows
only nearest neighbor intramolecular bonds (Figure 2a).
In this case P ) P1 = vb/a3l3/2 is the probability of the
smallest loop (see eq 3.1). The entropy for this simpli-
fied model differs from the exact result by an additive
constant of order kB per sticker.
Obviously these local intrachain bonds do not con-

tribute either to the interchain associations or to the
effective attraction between remote segments of the
polymer chains. Therefore these local pairs cannot lead
to a phase separation. It is clear that only nonlocal
interchain bonds are important for gelation and phase
separation.
We thus have to introduce an effective degree of

conversion, p, that is the fraction of interchain bonds
among all possible bonds between the stickers. The
total fraction of all bonds (both intra- and intermolecu-
lar) can be denoted as ptot. Note that all equations
considered in the previous sections are actually valid
in the regime when p = ptot. Indeed, mean-field theory
ignores intrachain bonds.
The contribution from inter-molecular associations to

the free energy density, Fst, for a given fraction of inter-
chain bonds, p, can be calculated in exactly the same
way as in the “true” mean field regime (see section 2.2).
The only difference is that now the reference system is
the ideal solution of unconnected polymer chains with
all stickers locally paired. Interchain bonds can then
be formed if two chains come close to each other (see
Figure 3). This process implies that some of the
intrachain pairs break so that the total number of bonds
(both intra- and intermolecular) is constant since ptot )
1 as λ f ∞. Hence the total bond energy (per unit
volume), Fε ) -εkBTc/(2l), is constant. However the
entropy associated with local intrachain bonds does

change since it is related to the number of these bonds.
The corresponding entropy chainge ∆Sintra can be easily
calculated with the simplifield model of Figure 2. For
example, the appearance of two open stickers means
that the number of local loops decreases by 1, so that
∆Sintra ) Sf/2 - Sf/2-1 ) -kB ln vb/vl, where Sf/2 corre-
sponds to the initial state (Figure 2a), Sf/2-1 corresponds
to the final state (Figure 2b), and

Note that if we take a typical value of the three-body
interaction coefficient w ≈ a6, then the volume occupied
by a spacer vl is equal to the crossover attraction volume
of the bond λl (see eq 2.35)

Formation of Np interchain bonds implies that the
number of (local) intrachain bonds must decrease byNp;
the corresponding entropy change is ∆Sintra ) -NpkB
ln P1 ) -NpkB ln(vb/vl). Hence the partition function
of the system with Np interchain bonds can be written
as (compare with eq 2.7)

where the factors Pcomb andW are defined below eq 2.7.31
The difference between eq 3.5 and eq 2.7 can be canceled
by replacing ε in eq 2.7 by its effective value

where εeff is the renormalized effective bond energy,
taking into account the effect of local bonds.
The previously obtained results for the free energy

are still valid if we use the renormalized bond energy.

Figure 2. Polymer chain with f ) 14 stickers: (a) all stickers
are locally paired (intrachain bonds between the nearest
neighbors); (b) two stickers are open and ready to form
interchain bonds.

Pn ≈
vb

a3l3/2
n-3/2 (3.1)

P ) ∑pn (3.2) Figure 3. (a) Two chains A and B with f ) 14 stickers per
chain. Initially all stickers are locally paired, and then two
interchain bonds between the chains are formed; simulta-
neously, the number of local loops decreases by 2. (b) One
interchain bond (between the chains A and B) and one loop
(local bond on chain C) transform into 2 inter-chain bonds (AC
and BC).

vl ≈ a3l3/2 (3.3)

vl ≈ λl (3.4)

Zst ) ZrefPcombW exp(∆Sintra/kB) (3.5)

ε f εeff ) ln (vl/vb) (3.6)
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The corresponding renormalized value of the parameter
λ (see eq 2.14) is

In particular the fraction of inter-chain bonds is still
determined by the equation analogous to eq 2.13

This equation implies that the fraction of inter-chain
bonds p is small (even for ε f ∞) in the concentration
regime c* < c < 1/(a3l1/2), where the coils strongly
overlap, but the strands between stickers do not.
Thus even for ε f ∞ the critical value of the excluded

volume parameter, determined by eq 2.30, which should
be solved for v, is finite

Therefore the association of stickers does not lead to a
phase separation if v > vcr(∞) ≈ a3/l1/2. Note that the
critical value of the excluded volume parameter vcr is
small if the spacers between stickers are long (l . 1),
which is assumed in the present work. In particular,
the above picture implies that there is no phase separa-
tion in a good solvent (v ≈ a3).

4. Scaling Picture
A direct application of the above picture to good

solvents is not rigorous, as the theory is based on the
essentially mean-field model, which is not valid for v ∼
vcr when spacers are partially swollen and therefore
their statistics are not exactly Gaussian (note that the
Fixman parameter Z ∼ vl1/2/a3 is on the order of 1 for v
∼ vcr). Thus we need to reconsider the effect of binary
excluded volume interactions, taking into account that
the chain statistics are not Gaussian on large enough
scales (but are those of swollen coils). Another non-
trivial effect of swollen chain statistics is an additional
short-range repulsion between the links of different
chains. This repulsion, which gives rise to a reduced
probability of a contact between two stickers, is also
taken into account below. We start the consideration
with the case of a good solvent (v ≈ a3), and then
consider the marginal regime with partially swollen
chains ((w/N)1/2 , v , a3). As with any scaling estimate,
we omit all numerical prefactors in most equations
below. We also do not consider variations of the three-
body interaction parameter, assuming that w ≈ a6.
4.1. Associations in Good Solvent. As was men-

tioned above, we do not expect any phase separation in
the good solvent regime (for v ≈ a3). Therefore our aim
here is to locate the gelation threshold. To do that we
need to calculate the fraction of interchain bonds, p, as
a function of concentration. We would like to take into
account both the effects of the intrachain bonds and the
effects of the excluded volume statistics. Let us assume
that the chains are overlapping (c > c*), where the
overlap concentration is

with Flory exponent ν ≈ 0.59.1 Let us also assume that

a typical section of a chain between interchain bonds,
l/p, is much larger than the correlation blob strand g,
where

is the number of monomers per standard concentration
blob. Note that g < N for c > c*. These assumptions
can be easily verified later (they are valid in all cases
studied below).
Consider two stickers, that are close enough to each

other (at a monomeric distance of order a) but that have
not yet formed a bond. The excluded volume effects
reduce the probability of a contact between two mono-
mers along the chain (and between the stickers) by the
factor

where the exponent θ2 ≈ 0.7832-34.35 The typical
number of contacts between two overlapping blobs of g
monomers each scales as g2-ν(3+θ2) ) g-z where the
exponent

Note that for Gaussian chains these exponents are θ2
) 0 and z ) -1/2.
The statistical weight of a bond between two stickers

is now

so that the fraction of bonds is now determined by the
equation (c.f. eq 2.13)

where the exponent ú - 1 ≡ νθ2/(3ν - 1) = 0.60.
The sol-gel transition corresponds to pg ) 1/(f - 1),

thus (for f . 1) we get the transition concentration

with the exponent 1/ú ≡ (3ν - 1)/[ν(3 + θ2) - 1] ≈ 0.62.
This equation is valid if λ is small enough. For large λ
(large ε) we need to take into account the local intra-
chain bonding. The probability of a local contact (i.e.
the probability that two neighboring stickers along the
chain get close to each other) is

Using the argument of the previous section, we find

as ε f ∞. The renormalization of λ is noticeable only if
it is larger than a3l2+z (in this case nearly all stickers
are paired) and therefore

λeff ) vl (3.7)

p
(1 - p)2

)
cvl
l

) ca3l1/2 (3.8)

vcr = λeff/l
2 ≈ a3

l1/2
(3.9)

c* ≈ N1-3ν

a3
(4.1)

g ≈ (ca3)-1/(3ν-1) (4.2)

K (g) ≈ g-νθ2 (4.3)

z ≡ ν(3 + θ2) - 2 ≈ 0.225 (4.4)

Λ ) λK(g) (4.5)

p
(1 - p)2

) c
l
Λ ≈ cλ

l
(ca3)ú-1 (4.6)

cg ∼ 1
a3

(a3lλf )1/ú (4.7)

W0 ≈
K (l)

(alν)3
≈ 1
a3l2+z (4.8)

λeff ≈ 1
W0
≈ a3l2+z (4.9)

λeff ≈ min(vbe
ε,a3l2+z) (4.10)
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Substituting λeff (for ε f ∞) from eq 4.9 into eq 4.7 for
the gelation concentration, we get

A schematic plot of gelation concentration vs. attractive
volume is shown in Figure 4 (see line 1). For larger
attractive volume λ the gelation concentration cg de-
creases to the limiting value, eq 4.11. For smaller λ the
gelation concentration cg is higher; see eq 4.7.
Note that the gelation concentration is always higher

than the overlap concentration

The probability of interchain bonds increases with
concentration according to eq 4.6, where λ should be
replaced by λeff.
4.2. Marginal Solvent Regime: Gelation and

Phase Separation. 4.2.1. Gelation Threshold. Let
us consider the effect of two-body interactions, assuming
that the excluded volume parameter v is small enough:

The latter inequality (v < a3/l1/2) implies that the spacers
between stickers (of l monomers) are not swollen yet.
The mean field equations for the free energy, derived
in section 2 above (eqs 2.11-2.15), are valid if the mean-
field concentration blobs are not swollen

where the number of monomers per blob is

Thus mean field theory is valid of c > c** where the
crossover concentration

Below this crossover concentration (for c < c**) the
scaling arguments should apply. The length G of the
sub-section of the chain that begins to swell (thermal
blob1) is defined by condition vxG/a3 ∼ 1 (eq 4.14), so
that

Note that in the regime c < c**, the concentration blobs
are clearly swollen: g > G.
Let us consider the scaling regime, c < c**. As v <

a3/l1/2, the spacers between stickers are not swollen (G
> l) and obey Gaussian statistics, so that ν ) 1/2, θ2 )
0, and z ) -1/2. Therefore the renormalization of a
bond attraction volume can be rewritten as (see eqs 3.3,
3.7, and 4.10)

A reduction of an interchain contact probability due to
excluded volume interactions comes from scales between
G and g, so that the reduction factor is (see eq 4.3)

where g is the number of monomers per blob in the
partially swollen regime (same as eq 4.2):

Therefore the statistical weight (attraction volume) of
a bond is

with the exponent νθ2/(3ν - 1) ) ú - 1 ≈ 0.60 (same as
in eq 4.6; note that ú ) (z + 1)/(3ν - 1) = 1.60). Thus
the effective degree of conversion (the fraction of inter-
chain bonds) implied by the classical gelation theory
(which is still valid since the coils strongly overlap, c >
c*) is defined as

where λeff is given by eq. 4.18.
The concentration at the sol-gel transition (pg = 1/f,

f . 1) is (see line 2 in Figure 4)

where 1/ú ) (3ν - 1)/[ν(3 + θ2) - 1] ≈ 0.62 (same as in
eq 4.7). These equations are applicable only if cg > c*,
where c* is the overlap concentration (for v > a3/N1/2)

If eq 4.26 formally gives cg < c*, it means that gelation
must occur as soon as coils overlap: cg f c*. However
in this case the point cg = c* is always located within
the phase separation region.

Figure 4. The log-log schematic dependence of gelation
concentration cg on λ: line 1, v ∼ a3, line 2, v < a3/l1/2.

cg ≈ a-3l1-3νf-1/ú, λ . a3l2+z (4.11)

cg
c*

g f(z/(z+1))(3ν-1) (4.12)

a3

xN
< v < a3

xl
(4.13)

vg1/2/a3 < 1 (4.14)

g ≈ (ca3)-2 (4.15)

c** ) v/a6 (4.16)

G ) a6/v2 (4.17)

λeff ) min(vbe
ε,a3l3/2) ≡ min(λ,vl) (4.18)

K (g) ) (gG)
-νθ2

(4.19)

g ≈ G (c**c )1/(3ν-1)
(4.20)

λeffK (g) ) λeff ( cc**)
νθ2/(3ν-1)

(4.21)

p
(1 - p)2

) c
l
λeff ( cc**)

ú-1
for c < c** (4.22)

p
(1 - p)2

) c
l
λeff for c > c** (4.23)

cg ≈ c** ( l
fλeffc**)

1/ú
for λeff > l/(c**f) (4.24)

cg ≈ l
fλeff

for λeff < l/(c**f) (4.25)

c* ) N
(N/G)3ν G3/2a3

) a-3N1-3ν (v/a3)3-6ν (4.26)
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4.2.2. Free Energy. Let us consider the problem of
phase stability in the region a3/N1/2 < v < a3/l1/2, and c
< c** (scaling regime). The free energy density of the
system can be divided into two parts

where Fst is the sticker part corresponding to the
entropy and energy due to pairing of stickers and Fint
is the energy density of excluded volume interactions.
The latter is

where g is defined in eq 4.20.
The sticker part of the free energy density can be

calculated in exactly the same way as was done earlier
in the mean-field theory (within the framework of the
classical gelation model valid for c . c*). The result is

where p is defined in eq 4.22.
The phase diagram can now be constructed in a

standard way: we need to calculate the chemical
potentials µ and the osmotic pressures Π and to balance
them between the two phases. For c < c** we obtain
the chemical potential (using eqs 4.27, 4.28, 4.29, and
4.22)

and the osmotic pressure

where c** and G are given by eqs 4.16 and 4.17. If c >
c** we can use the mean-field expressions (eqs 2.22 and
2.32).
4.2.3. Phase Diagrams. Let us consider phase

diagrams in variables v (the excluded volume param-
eter), c (concentration) for fixed values of bond strength
λ. We start from low λ and then follow the changes of
the phase diagram with increasing bond length, λ.
The Mean-Field Regime, λ j λmf. For small values

of λ < λmf, where

there is no phase separation even for v ) 0. In this case
the phase separation region moves to the poor solvent
regime, v < 0, so that the mean field theory is fully
applicable. Note that λmf is defined in eq 2.28 with v )
0 and w ∼ a6.
One can sketch the gelation line in the v, c diagram

for λ < λmf, λ/λmf ) 0.2, and f ) 25 (Figure 5a). For low
values of the excluded volume parameter v < ṽ ) la6/

(λf) the gelation concentration does not depend on the
excluded volume parameter v

(see eq 4.25; also see eq 2.21 for f . 1). For large values
of the excluded volume parameter v > ṽ ≡ la6/(λf), the
gelation concentration cg increases

as can be obtained from eq 4.24 (see Figure 5a).
For λ j λmf the critical point corresponds to the true

Θ-regime, |vcr| ∼ a3/N1/2 and ccr ∼ cmf
* ∼ 1/(a3N1/2).

Scaling Regime, λmf < λ < vl. This regime should
be treated using the free energy defined by eqs 4.28 and
4.29. The critical point is defined by the system of
equations ∂µ/∂c ) 0 and ∂2µ/∂c2 ) 0. Using eq 4.30 we
get

assuming that near the critical point p , 1, and using
eq (4.22), we obtain

From eq 4.36 we can see that the system of equations
∂µ/∂c ) 0 and ∂2µ/∂c2 ) 0 has no physical solution in the
region c > 0 and v > 0 since ú - 1 > (2 - 3ν)/(3ν - 1):
one can easily prove that ∂µ/∂c must be positive if ∂2µ/
∂c2 ) 0. Therefore the critical point can be located either
in the mean field zone or at the crossover between
scaling and mean field domains (ccr ≈ c**). An analysis
shows that the former possibility is not true if λ > λmf.
In fact, using the mean-field equations (2.27) and (2.28)
with w ∼ a6 we get ccr ∼ 1/(a3N1/2), vcr = λ/l2 - 2a3/N1/2

= λ/l2 if λ . λmf ) a3l2/N1/2, so that ccr , vcr/a6; i.e., the
critical point is not located inside the mean-field domain.
Therefore the critical point must be located in the
crossover region; i.e. ccra6/vcr ∼ 1. Substituting this
relation into eq 4.36, we get from the condition ∂µ/∂c )
0 (the same results can be obtained using the analogous
mean-field eq 2.25)36

A typical phase diagram for the regime λmf < λ < vl
(where vl ≈ a3l3/2 as defined in eq 3.3) is sketched in
Figure 5b for λ ) 2λmf and f ) 25. Note the two-phase
region with the critical point estimated from eq 4.37 to
be at vcr ≈ λ/l2 and ccr ≈ λ/(l2a6). Note that the phase
separation region increases with increasing λ. For v <
vcr the system separates into two phases with concen-
trations c1 and c2. The more concentrated phase (c2)
always corresponds to the mean-field domain, whereas
the low-density phase (c1) corresponds to the scaling

F ) Fst + Fint (4.27)

Fint

kBT
≈ c
g

= vc2 ( cc**)
(2-3ν)/(3ν-1)

(4.28)

Fst

kBT
) c
N
ln( ceN) + c

l[p2 + ln(1 - p)] (4.29)

µ
kBT

) 1
kBT

∂F
∂c

) 1
N
ln c
N

+ 1
l
ln(1 - p) - (ú - 1) p

2l
+

3ν
3ν - 1

1
G ( cc**)

1/(3ν-1)
(4.30)

Π
kBT

) 1
kT

(cµ - F) ) c
N

- úcp
2l

+ 1
3ν - 1

c
G ( cc**)

1/(3ν-1)

(4.31)

λmf ∼ a3l
3/2

f1/2
(4.32)

cg ≈ l
λf

for λ < λmf and v < ṽ (4.33)

cg ≈ l
λf(vλf

la6)
1-1/ú

for λ < λmf and v > ṽ (4.34)

1
kBT

∂µ
∂c

) 1
Nc

- ú
lc

p
1 + p

-
ú(ú - 1)
2cl

p(1 - p)
1 + p

+

3ν
(3ν - 1)2

v( cc**)
(2-3ν)/(3ν-1)

(4.35)

1
kBT

∂µ
∂c

) 1
Nc

-
ú(ú + 1)

2l2
λeff (ca6v )ú-1

+

3ν
(3ν - 1)2

v(ca6v )(2-3ν)/(3ν-1)

(4.36)

vcr ≈ λ
l2
; ccr ≈ λ

l2a6
; λ . λmf (4.37)
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regime. For v ) 0 and λ . λmf, the low-density phase
is exponentially dilute: c1 , c*. The concentration of
the higher density phase in this case was predicted in
section 2.5 (eq 2.34):

The gelation transition is still expressed by eq (4.34):
cg ∝ v1-1/ú, where the exponent 1 - 1/ú ) νθ2/[ν(3 + θ2)
- 1]≈ 0.38. For v ≈ vcr and λ . λmf, the gelation always
takes place before the phase separation (using eqs 4.24,
4.32, and 4.37)

but still in the regime of strongly overlapping coils:

Scaling Regime with Renormalization of the
Bond Strength, λ > vl. At higher values of parameter
λ (for λ > vl) the bond strength is renormalized (see eq
4.18). Note that vcr is finite if ε f ∞: vcr(∞) = vl/l2 =
a3/l1/2 (see eqs 3.9 and 4.37). The phase separation is
totally suppressed if v > vcr(∞) ∼ vl/l2 ) a3/l1/2. Thus
the scaling treatment of this section confirms the basic
conclusion, which was drawn earlier within the mean-

field theory, that the excluded volume interactions
suppress phase separation.
The theory can be easily generalized to treat the case

vl/l2 < v < a3. In this regime the excluded volume
interactions affect the renormalization of the attractive
volume. Hence a generalized definition of λeff that
crosses over between eqs 4.18 and 4.10 is

where

Note that the maximum value of λeff is increasing with
v: it is equal to a3l3/2 for v ) 0, and to a3l2+z for v ) a3.
The phase diagrams for λ ) 5vl (this value of λ is
assumed to be in the range vl < λ < a3l2+z) and f ) 25
is shown in Figure 5c. Here the parameters of the
critical point are defined by eqs 4.37 and 4.41: vcr =
a3/l1/2 and ccr = 1/a3l1/2. The gel point as defined by eqs
4.24 and 4.41 is

Note that there is a range of concentrations above
(cg)min ) ccrf-1/ú (vl/λ)(6ν-3)/(1+2z) at which one may observe

Figure 5. Schematic phase diagrams of an associating polymer solution: monomer concentration c vs. the excluded volume
parameter v for f ) 25 stickers per chain. Dashed lines correspond to gelation transition (cg); solid lines limit the phase separation
region. The reference concentration is cx ) 1/(a3l1/2); the reference excluded-volume parameter is vx ) a3/l1/2. (a) Attraction volume
λ ) 0.2λmf < λmf ) a3l3/2/f1/2: no phase separation. The gelation transition occurs at cg ∼ cx λmf/λf1/2 for v < vx λmf/f1/2λ and cg ∼ cx
(λmf/λf1/2)1/ú (v/vx)1-1/ú for v > vx λmf/f1/2λ. (b) λmf < λ ) 2λmf < vl ) a3l3/2: a region of phase separation appears. The critical point:
ccr = cx λ/f1/2λmf ) 0.4cx; vcr = vx λ/f1/2λmf ) 0.4vx. The gelation line: cg ∼ cx (λmf/λf1/2)1/ú (v/vx)1-1/ú. (c) vl ) a3l3/2 < λ ) 5vl < a3l2+z:
the phase separation region is larger. The critical point: ccr = cx, vcr = vx. The gelation line: cg ∼ cxf-1/ú (vx/v)6ν-3 for v < vx(λ/
vl)1/(1+2z) and cg ∼ cx (vl/λf)1/ú (v/vx)1-1/ú for v > vx(λ/vl)1/(1+2z). (d) λ . a3l2+z: same as the previous diagram, but cg ∼ cxf-1/ú (vx/v)6ν-3

everywhere (except the phase separation region). In the last case the phase transition lines are nearly independent of λ.

c2 ≈ 3λ
2a6l2

(4.38)

cg
ccr
∼ (λmf

λ )2/ú , 1 (4.39)

cg
c*
∼ ( λ

λmf)
2(3ν-1)z/(1+z)

. 1 (4.40)

λeff ) min(vbe
ε, ṽl) (4.41)

ṽl ) {a3l3/2, v < a3/l1/2

a3l3/2 (vl1/2/a3)1+2z, v > a3/l1/2
(4.41)

cg = {ccrf-1/ú (vcrv )6ν-3

, v/vcr , (λ
vl)

1/(1+2z)

ccrf
-1/ú (vlλ)1/ú ( vvcr)

1-1/ú
, v/vcr . (λ

vl)
1/(1+2z)

(4.42)
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a reentrant gelation transition with changing temper-
ature (the excluded volume parameter v).
A typical phase diagram for even higher attractive

volumes, λ . a3l2+z, is shown in Figure 5d. The phase
transition lines nearly do not depend on λ in this regime.
The gelation concentration here is determined by the
first expression of eq 4.42 for all values of v (apart from
the phase-separation region).

5. Discussion

The paper consists of two parts. In the first part
(section 2) we present an exact formulation of the mean-
field theory of associative polymers. A simple explicit
analytical expression for the free energy is derived for
the first time. It allows a quantitative consideration of
the phase behavior of the system. The phase diagram
obtained in the theta-regime (v ) 0) is shown in Figure
1 (note that we defined the Θ-conditions with respect
to the polymer solution with no associative groups
(stickers), i.e. v ) 0 that the second virial coefficient of
monomers vanishes). The reduced concentration C )
c(wN)1/2 and reduced interaction parameter λ̃ ) λf2/
w1/2N3/2 are used in Figure 1. Here c is the monomer
concentration, w is the three-body monomer interaction
parameter, N is the number of monomers per chain, f
) 20 is the number of stickers per chain, and λ ) vbeε
is the attractive volume of a bond between two stickers
(εkBT is the association energy of stickers). If the
attraction between stickers is weak (i.e. λ is small), then
the system is homogeneous at all concentrations similar
to an ordinary Θ-solution. A reversible (physical) gel
is formed at some concentration cg, which is decreasing
as λ is increased (continuous gelation). On the contrary,
the gelation transition is discontinuous in the regime
of large λ (which can be achieved, e.g., by decreasing
the temperature). Here the system separates into two
phases (sol and gel) in a wide concentration region. The
phase transition is characterized by the critical point
ccr = 1/(Nw)1/2 and λcr = 2w1/2N3/2/f2. In a narrow range
of λ the gelation transition precedes the phase separa-
tion between two (less concentrated and more concen-
trated) gel phases.
Thus we can distinguish the following regions in the

mean-field phase diagram (see Figure 1): single-phase
solution (sol), single-phase reversible gel, two-phase
region with coexisting sol and gel,37 and a region with
two coexisting gel phases (two-phase sol region is
impossible under the Θ-conditions, but is possible when
the solvent is poor, v < 0).
One of the important results obtained in this part is

that gelation in solutions of associating (amphiphilic)
polymers might be accompanied by a phase separation
even under Θ-solvent or marginal solvent conditions for
monomers without stickers. This result is related to the
fact that an ideal system of associating polymers always
phase separates. In fact eq 2.23 implies that the
derivative of the chemical potential of the ideal system,
∂µ/∂c, is always negative if c is larger than the gelation
concentration cg (p > pg ) 1/(f - 1)). Therefore a
reversible network phase is intrinsically unstable and
would tend to collapse into a vanishing volume (in
practice this collapse is prevented by the excluded
volume interactions).38 Essentially the same model of
associating polymer was considered by Tanaka.6-10

Qualitatively the phase diagrams obtained by Tanaka
are similar to those considered in this paper (Figure 5);
in particular, a possibility of two coexisting gel phases

was also predicted there. However a phase separation
above the Θ-temperature was never considered in
Tanaka’s work.
We are now in a position to identify the origin of the

difference between our approach and the earlier Tana-
ka’s theory.6-8 The relevant quantity is the entropic
part of the free energy (eq A2) which was obtained in
the Appendix using the approach of the Flory gelation
theory which was also used in Tanaka’s works.6-8

When the excluded volume interactions are switched off,
the basic equations for the free energy derived by
Tanaka can be represented in the same form as eq A2.
The main difference, however is that in Tanaka’s
expression logarithm of volume fraction of clusters
containing m primary N-mers, φm ) C̃mNm, was used
instead of logarithm of the number concentration of
those clusters, C̃m. We stress that it is the C̃m ln C̃m
term (see eq A2) that comes from the fundamental ideal-
gas partition function, eq A1, rather than the C̃m ln φm
term, which incorrectly enters Tanaka’s free energy.
This difference would be unimportant for a one-
component system (for example for a homopolymer
solution); however, it is important for the present case
of the system of clusters, when the concentrations C̃m
are obtained by minimization of the free energy. The
additional m factor under the logarithm in Tanaka’s
theory leads to the incorrect a posteriori statistical
weights of clusters and thus to the incorrect concentra-
tion dependence of the free energy.
This mistake was eliminated in a more recent paper.9

However we believe that the relevant phase diagrams
obtained in that paper are still incorrect due to un-
physical treatment (following Stockmayer) of the postgel
regime (see also comments in section 2.3). In the most
recent paper10 Ishida and Tanaka calculated phase
diagrams using both Stockmayer and Flory post-gel
pictures. However we believe that all phase diagrams
obtained in ref 10 are unphysical, even those obtained
with a physically plausible Flory approach. The reason
is that implementation of the Flory’s approach and the
resultant free energy obtained in ref 10 are incorrect
(see section 2.3). No conclusion as to which model is
actually valid has been drawn in ref 10.
In the second part of the paper (sections 3 and 4) the

theory is extended beyond the mean-field domain in
order to account for (1) the local intra-chain to inter-
chain bond exchange and (2) the effects of the excluded
volume interactions.
The first effect gives rise to a finite driving force for

the reversible network formation (finite λeff) even in the
limit of infinite association energy, εf ∞. In particular,
we find that both the critical concentration and the
critical excluded volume parameter are finite in this
limit.
The second effect can suppress the phase separation

driven by the reversible network formation if the
excluded volume parameter is high enough: v > vcr ∼
λeff/l2, where λeff ) min(vbeε,a3l3/2) is the effective attrac-
tion volume of a bond (here we assume that λeff > a3l2/
N1/2). Qualitatively the phase separation is suppressed
if the energy of excluded volume interactions per effec-
tive spacer (i.e. a part of a chain between two neighbor-
ing stickers associated with stickers on other chains) is
larger than kBT. In particular it is predicted that the
system never phase separates if v > vcr(∞) ∼ a3/l1/2, so
that, for example, a phase separation is not expected
under the good solvent conditions, v ∼ a3 (this conclu-
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sion is in agreement with the computer simulation39).
Note however that the last statement is only tentative
and is not rigorous since the critical point ccr(∞), vcr(∞)
corresponds to the crossover regime between mean-field
and good solvent domains, where the theory is not
quantitative.
The predicted phase diagrams are shown in Figure 5

in concentration c vs monomeric second virial coefficient
v variables (the latter is usually temperature depend-
ent).
In the case of weak sticking energy (i.e. λ < a3N3/2/f2)

a continuous gelation transition is predicted (see figure
5a). The gelation concentration increases with increas-
ing excluded-volume parameter v. For stronger associa-
tion (larger λ: a3l3/2/f1/2 < λ < a3l3/2) the phase diagram
includes a phase separation region which is becoming
wide as λ is increased (see Figure 5b). The phase
separation region stabilizes (stops increasing) when the
attraction between stickers becomes very strong (λ >
a3l3/2): here the phase separation lines virtually do not
depend on λ. However the gelation concentration cg does
depend on λ in this regime (see Figure 5c,d). For large
λ (λ . a3l2+z, z = 0.225) the gelation concentration cg
always decreases as v is increased (compare parts b and
d of Figure 5). The reason for this behavior of cg is
connected with the fact that nearly all stickers are
paired in this regime since their association energy is
very high. Therefore a gelation implies that intrachain
pairs are replaced by interchain pairs of stickers. With
stronger repulsion between nonsticking monomers the
balance of intrachain/interchain pairs is shifted toward
interchain pairing,40 thus promoting gelation.

6. Conclusions

(1) We show that within the classical gelation ap-
proach the structure of the system of reversibly as-
sociating polymers is correctly described by the Flory
model on the postgel regime rather than that of Stock-
mayer.
(2) We also show that continuous reversible gelation

is not a thermodynamic transition as all thermodynamic
quantities are continuous at the gel point.
(3) With no excluded-volume interactions between

monomers, solutions of associative polymers are un-
stable above the gelation concentration and must phase
separate.
(4) Phase separation accompanies gelation even if the

excluded volume of nonassociative monomers is positive
(but not large).
(5) Strong excluded-volume monomer-monomer re-

pulsion totally suppresses the phase separation.
(6) The effect of local (intrachain) pairing of stickers

results in a significant renormalization of the reversible
gel properties when the attraction between stickers is
strong enough.
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Appendix A. Free Energy of an Ideal System of
Associating Molecules: the Flory-Stockmayer
Approach

Here we calculate the free energy of an ideal system
of f-functional molecules using an alternative approach
based on the Flory-Stockmayer statistics15,18 of tree-like

structures. Let Nm be the number of clusters consisting
ofm units (only tree-like clusters are allowed). The total
partition function Z of the system is

where Zm is the combinatorial weight of one cluster (the
number of different treelike structures that can be
formed by m molecules, and λ ) vbeε is the statistical
weight of one bond, so that Zmλm-1 is the total partition
function of a single m-cluster. The free energy of the
system (per unit volume), F ) -(kBT/V) ln Z, can be
written as

where C̃m ) Nm/V is the number concentration of
m-clusters. The first two terms in brackets, ln C̃m - 1
corresponds to the ideal-gas (translational) free energy
of m-clusters. The free energy, eq A2, should be
minimized under the condition that the total concentra-
tion of molecules

is fixed (note that C̃ ) c/N, where c is the monomer
concentration. Using the method of Lagrange multipli-
ers (i.e. minimizing F - const C̃) we get

where µ - ln λ is the multiplier, and Π ) kBT∑m)1
∞ C̃m is

the ideal-gas pressure of clusters. The combinatorial
factor is15,18

provided that f functional groups on a molecule are
distinguishable. Using eqs A3 and A4, we get the total
concentration C̃ ) λ-1 Z(µ), where

Let us note the following useful equations:

One can consider the first equation, (A7), as the defini-
tion of the function Γ(µ). Actually Γ(µ) is the generating
function for the number of different trees with a marked
root group

and both eqs A7 and A8 can be easily obtained with the
Gordon approach41,1 to the classical gelation problem.
Noting also 1/(kBT)∂Π/∂µ ) C̃, so that Π ) kBTλ-1

Z ) ∏
m

1

Nm!
vNm [Zmλm-1]Nm (A1)

F ) kBT ∑
m)1

∞

C̃m (ln C̃m - 1 - ln Zm - (m - 1) ln λ)

(A2)

C̃ ) ∑mmC̃m (A3)

C̃m ) λ-1 Zme
µm (A4)

F ) kBT(µ - ln λ)C̃ - Π (A5)

Zm )
fm(mf - m)!

m!(mf - 2m + 2)!
(A6)

Z(µ) ≡∑
m

mZme
µm

Z(µ) ) eµ[Γ(µ)]f (A7)

Γ(µ) ) 1 feµ[Γ(µ)]f-1 (A8)

Γ(µ) ) ∑
m)0

∞

(mf - 2m + 2)Zme
µm (A9)
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∫-∞
µ Z(µ) dµ, and using eqs A5, A7, and A8 we get the
free energy

and the relation between C̃ and Γ(µ)

Comparing eqs A11 and 2.13 we find that Γ(Γ - 1) )
p/(1 - p)2, so that Γ ) 1/(1 - p). Hence eq A10 can be
rewritten in the form

which is identical to eq 2.15 provided that both interac-
tion parameters are set to zero: v ) w ) 0.
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F ) kBTC̃{ln C̃ - 1 + f
2

Γ - 1
Γ

- f ln Γ} (A10)

Γ(Γ - 1) ) FC̃λ (A11)

F ) kBTC̃ {ln C̃ - 1 + f ln(1 - p) + fp/2} (A12)
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